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We investigate cosmological perturbations for nonlinear f(R) models within the cosmic screening
approach. Matter is considered both in the form of a set of discrete point-like massive bodies and
in the form of a continuous pressureless perfect fluid. We perform full relativistic analysis of the
first-order theory of scalar perturbations for arbitrary nonlinear f(R) models and demonstrate that
scalar potentials Φ(t, r) and Ψ(t, r) are determined by a system of only two master equations. Our
equations are applicable at all spatial scales as long as the approximation δR/R¯  1 (which is
usually assumed in studies devoted to cosmological perturbations in f(R) models) works.
I. INTRODUCTION
Since the discovery of the late time accelerated expan-
sion of our Universe at the end of the last century, the
mystery of dark energy remains one of the most intrigu-
ing subjects in modern cosmology. One of the possible
solutions, alternative to the introduction of dark energy,
is to modify gravity, namely, the general theory of rela-
tivity. This idea was known from the eighties of the last
century, when R of Einstein-Hilbert action replaced by
R+αR2 of Starobinsky action was considered to describe
the accelerated expansion of the early Universe (so called
inflation) [1] 1. It was then realized that nonlinear f(R)
models can also describe the late acceleration. This re-
sulted in a huge number of articles devoted to the study
of nonlinear gravitational models (see, e.g., reviews [3–
10]). Because the nature of dark energy is not clear yet,
these theories are still of unflagging interest (see, e.g., the
most recent papers [11–14]).
Obviously, the observable large scale structure of the
Universe is the crucial test of any gravitational theory.
Comparing the predictions of such a theory with the ob-
servational picture, we can conclude how viable it is. This
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1 One can also see [2] for a possibility of inflation from quadratic
and quartic nonlinearities in multidimensional cosmological mod-
els.
can be done within the framework of perturbation the-
ory. Usually, the Friedmann Universe is considered as
a background cosmological model. For such background
in the case of the first-order theory of scalar perturba-
tions, the metric perturbations are characterized by two
functions Φ and Ψ [15, 16], where the former one is the
gravitational potential created by inhomogeneities. For
f(R) models, the system of equations for Φ and Ψ was
obtained in [17, 18] (see also [4]). The energy density fluc-
tuation δε = −δT 00 is the source of the potentials Φ and
Ψ in this system2. However, since the energy-momentum
tensor Tαβ depends on metric, the energy density fluctu-
ation is a function of potentials Φ and Ψ. For example,
in the linear gravity model the term proportional to ε¯Φ
contributes to δε (see also Eq. (2.17) below), where ε¯ is
the averaged energy density. In the literature which we
are aware of and which is devoted to the study of pertur-
bations in nonlinear models (see, for example, reviews [3–
10] and references therein, in particular, the paper [19]),
the explicit dependence of the energy-momentum tensor
on the perturbations of the metric is not taken into ac-
count. This is one of the main differences between our
approach and these articles. This drastically changes the
form of the gravitational interaction. As it was shown in
our papers [20–23], the gravitational potential satisfies
the Helmholtz-type equation but not the Poisson equa-
tion. Therefore, it has the form of the Yukawa potential.
It is important to note that the cosmological background
2 In the case of linear gravity (i.e. f(R) = R) with matter in the
form of a perfect fluid, the potentials are equal to each other:
Φ = Ψ.
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2in the form of the Friedmann Universe with the nonzero
averaged energy density ε¯ 6= 0 plays the crucial role in
this effect. In the case of the Minkowski background
ε¯ = 0, and we go back to the Poisson equation which has
a solution in the form of Newtonian gravitational poten-
tial in full agreement with the textbook [24]. Since the
gravitational potential of an individual inhomogeneity is
exponentially suppressed at large cosmological scales, we
call this effect a cosmic screening [21, 25] 3. It is worth
noting that nonlinearity of gravity in f(R) models also
affects the form of the gravitational potential [4]. For ex-
ample, at the astrophysical scales the Newtonian gravita-
tional potential acquires an additional term in the form
of the Yukawa potential [32, 33].
In the present paper we study the first-order scalar cos-
mological perturbations for nonlinear f(R) models within
the cosmic screening approach. We demonstrate that in
this case a rather complicated initial system of six dif-
ferential equations is reduced to two equations for the
potentials Φ and Ψ. These equations establish the basis
for numerical simulation of the large-scale structure of
the Universe in nonlinear gravity models.
The paper is structured as follows. In Sec. 2, we de-
scribe the model and present the basic equations at the
background and perturbation levels. In Sec. 3, we obtain
two master equations for the potentials Φ and Ψ. The
main results are briefly summarized in the concluding
Sec. 4.
II. THE MODEL AND BASIC EQUATIONS
In this section we present the basic equations that we
will use hereinafter. For background and perturbed equa-
tions we follow mainly the review [4] using the sign con-
vention accepted in this paper. In f(R) gravity, the ac-
tion reads
S =
1
2κ2
∫
d4x
√−gf(R) + Sm . (2.1)
Here f(R) is an arbitrary function of the scalar curvature
R, Sm is the action for matter, κ
2 ≡ 8piGN , where GN
stands for Newtonian gravitational constant, and we use
units such that the speed of light is equal to 1: c ≡ 1.
3 In our previous mechanical approach [26–29], we also took into
account the dependence of the perturbed energy density on the
gravitational potential. However, since we dropped the addi-
tional term ε¯Φ in the perturbed Einstein equation for Φ, the
exponential suppression of gravitational interaction was not ob-
served in this approach. The theory of scalar perturbations for
nonlinear f(R) models within the mechanical approach was stud-
ied in the paper [30]. For the linear f(R) = R model, the second-
order cosmological perturbations within the cosmic screening ap-
proach were studied in [31].
The equation of motion corresponding to this action is
F (R)Rµν − 1
2
f(R)gµν −∇µ∇νF (R) + gµνF (R)
= κ2Tµν µ, ν = 0, 1, 2, 3 . (2.2)
The trace of this equation gives
3F (R) + F (R)R− 2f(R) = κ2T , (2.3)
where T = gµνTµν and F (R) ≡ f ′(R). Hereinafter, the
prime denotes the derivative with respect to the scalar
curvature R, i.e. f ′(R) ≡ df/dR. Since f(R) has dimen-
sion of R, the function F (R) is dimensionless. Besides,
F = (1/√−g)∂µ(√−ggµν∂νF ).
In the case of the spatially flat background spacetime
with Friedmann-Robertson-Walker (FRW) metric
ds2 = gµνdx
µdxν = −dt2 + a2(t) (dx2 + dy2 + dz2)
(2.4)
and matter in the form of a perfect fluid with the energy-
momentum tensor components T¯µν = diag(−ε¯, P¯ , P¯ , P¯ ),
Eq. (2.2) results in the following system of background
equations:
3FH2 = (FR− f)/2− 3HF˙ + κ2ε¯ (2.5)
and
− 2FH˙ = F¨ −HF˙ + κ2(ε¯+ P¯ ) . (2.6)
Here the bar denotes homogeneous background quanti-
ties, the Hubble parameter H ≡ a˙/a (the dot everywhere
denotes the derivative with respect to the synchronous
time t) and the scalar curvature
R = 6
(
2H2 + H˙
)
. (2.7)
The perfect fluid satisfies the continuity equation
˙¯ε+ 3H(ε¯+ P¯ ) = 0 , (2.8)
which for nonrelativistic matter with P = 0 has the so-
lution
ε¯ = ρ¯/a3 , (2.9)
where ρ¯ = const is the averaged mass density in the
comoving coordinates. In what follows we will consider
matter either in the form of a set of discrete point-like
massive bodies or in the form of a continuous pressureless
perfect fluid. For both of these cases the pressure and its
fluctuation are equal to zero: P = δP = 0.
Let us turn now to the perturbed equations. Inhomo-
geneities or fluctuations of matter result in perturbations
of the FRW metric (2.4). In our paper we restrict our-
selves to the scalar perturbations. In the conformal New-
tonian (longitudinal) gauge, the perturbed metric reads
[15, 16]
ds2 = −(1 + 2Φ)dt2 + a2(1− 2Ψ) (dx2 + dy2 + dz2) ,
(2.10)
3where the introduced scalar perturbations Φ,Ψ  1 de-
pend on all spacetime coordinates. These perturbations
satisfy the following system of linearized equations [4]:
− 4Ψ
a2
+ 3H
(
HΦ + Ψ˙
)
= − 1
2F
[(
3H2 + 3H˙ +
4
a2
)
δF
− 3H ˙δF + 3HF˙Φ + 3F˙
(
HΦ + Ψ˙
)
+ κ2δε
]
,(2.11)
HΦ + Ψ˙ =
1
2F
(
˙δF −HδF − F˙Φ− κ
2
a2
Ξ
)
, (2.12)
− F (Φ−Ψ) = δF , (2.13)
3
(
H˙Φ +HΦ˙ + Ψ¨
)
+ 6H
(
HΦ + Ψ˙
)
+ 3H˙Φ +
4Φ
a2
=
1
2F
[
3 ¨δF + 3H ˙δF − 6H2δF − 4δF
a2
− 3F˙ Φ˙
− 3F˙
(
HΦ + Ψ˙
)
−
(
3HF˙ + 6F¨
)
Φ + κ2δε
]
, (2.14)
¨δF + 3H ˙δF − 4δF
a2
− 1
3
RδF =
1
3
κ2δε+ 2F¨Φ
+ F˙
(
3HΦ + 3Ψ˙ + Φ˙
)
+ 3HF˙Φ− 1
3
FδR , (2.15)
δF = F ′δR, δR = −2
[
3
(
H˙Φ +HΦ˙ + Ψ¨
)
+ 12H
(
HΦ + Ψ˙
)
+
4Φ
a2
+ 3H˙Φ− 24Ψ
a2
]
. (2.16)
In these equations the function F , its derivative F ′
and the scalar curvature R are unperturbed background
quantities, i.e. here F (R) ≡ F (R¯). This system of equa-
tions is usually used in papers devoted to cosmological
perturbations in f(R) models. It is important to note
here that the relation δF = F (R)− F (R¯) = F ′(R¯)δR is
valid only in approximation δR/R¯  1. However, this
approximation is violated at the late stage of the evo-
lution of the Universe near inhomogeneities, i.e. in the
vicinity of galaxies. Therefore the system of Eqs. (2.11)-
(2.16) and, consequently, the solutions of this system are
only applicable at sufficiently large scales in the late Uni-
verse or at all scales in the early Universe.
The energy density fluctuation δε reads
δε =
δρ(t, r)
a3
+
3ρ¯
a3
Ψ , (2.17)
where r is a comoving radius-vector. For the linear
f(R) = R model the potentials Ψ and Φ are equal to
each other: Ψ = Φ. Then, Eq. (2.17) reproduces the
result of papers [20–22]. In the case of inhomogeneities
in the form of discrete point-like masses mp, this equa-
tion can be directly obtained from the energy-momentum
tensor [24]
T ik =
∑
p
mp√−g
dxip
dt
dxkp
dt
1
dτp/dt
δ(r− rp) , (2.18)
where dτ2 = −ds2 and the metric is given by (2.10). The
fluctuation of the mass density is
δρ = ρ− ρ¯ =
∑
p
mpδ(r− rp)− ρ¯ . (2.19)
In the case of a continuous pressureless perfect fluid with
the mass density ρ(t, r), Eq. (2.18) is generalized as fol-
lows:
T ik =
ρ√−g
dxi
dτ
dxk
dτ
dτ
dt
= εuiuk , (2.20)
where
ε ≡ ρ√−g
dτ
dt
, ui ≡ dx
i
dτ
. (2.21)
It can be easily seen that for the energy density fluctua-
tion we reproduce Eq. (2.17).
The quantity Ξ describes the effective peculiar velocity
potential [20, 21]. For example, in the case of discrete
sources we have
a∇
(∑
p
ρpvp
)
= 4Ξ , (2.22)
where ρp ≡ mpδ(r − rp) and vαp ≡ dxαp /dt, α = 1, 2, 3.
This equation can be solved exactly [20]:
Ξ =
a
4pi
∑
p
mp
(r− rp)vp
|r− rp|3 . (2.23)
For the continuous perfect fluid with the energy density
(2.21) the function Ξ satisfies the equation
a∇ (ρv) = 4Ξ . (2.24)
III. MASTER EQUATIONS FOR THE
POTENTIALS Φ AND Ψ
We have six equations (2.11)–(2.16) for two functions
Φ(t, r) and Ψ(t, r). The main goal now is to maximally
simplify this system by reducing the number of equations.
As will be seen in what follows, we obtain a system of only
two independent differential equations, which we call the
master equations for Φ and Ψ.
4First, substituting (2.13) into Eqs. (2.11), (2.12),
(2.14), (2.15) and (2.16), we obtain respectively:
− 4Ψ
a2
+ 3H
(
HΦ + Ψ˙
)
= − 1
2F
[
−
(
3H2 + 3H˙ +
4
a2
)
F (Φ−Ψ)
+ 3H
(
F˙ (Φ−Ψ) + F
(
Φ˙− Ψ˙
))
+ 3HF˙Φ
+ 3F˙
(
HΦ + Ψ˙
)
+ κ2δε
]
, (3.1)
HΦ + Ψ˙ =
1
2F
[
−
(
F˙ (Φ−Ψ) + F
(
Φ˙− Ψ˙
))
+ HF (Φ−Ψ)− F˙Φ− κ
2
a2
Ξ
]
, (3.2)
3
(
H˙Φ +HΦ˙ + Ψ¨
)
+ 6H
(
HΦ + Ψ˙
)
+ 3H˙Φ +
4Φ
a2
=
1
2F
[
−3
(
F¨ (Φ−Ψ) + 2F˙
(
Φ˙− Ψ˙
)
+ F
(
Φ¨− Ψ¨
))
− 3H
(
F˙ (Φ−Ψ) + F
(
Φ˙− Ψ˙
))
+ 6H2F (Φ−Ψ)
+
F
a2
(4Φ−4Ψ)− 3F˙ Φ˙− 3F˙
(
HΦ + Ψ˙
)
−
(
3HF˙ + 6F¨
)
Φ + κ2δε
]
, (3.3)
−
(
F¨ (Φ−Ψ) + 2F˙
(
Φ˙− Ψ˙
)
+ F
(
Φ¨− Ψ¨
))
− 3H
(
F˙ (Φ−Ψ) + F
(
Φ˙− Ψ˙
))
+
F
a2
(4Φ−4Ψ)
+
1
3
RF (Φ−Ψ) = 1
3
κ2δε+ F˙
(
3HΦ + 3Ψ˙ + Φ˙
)
+ 2F¨Φ + 3HF˙Φ +
2
3
F
[
3
(
H˙Φ +HΦ˙ + Ψ¨
)
+ 12H
(
HΦ + Ψ˙
)
+
4Φ
a2
+ 3H˙Φ− 24Ψ
a2
]
, (3.4)
− F (Φ−Ψ) = −2F ′
[
3
(
H˙Φ +HΦ˙ + Ψ¨
)
+ 12H
(
HΦ + Ψ˙
)
+
4Φ
a2
+ 3H˙Φ− 24Ψ
a2
]
. (3.5)
Next, from Eqs. (3.4) and (3.5) we find:
Ψ¨ =
F
6F ′
(Φ−Ψ)− 4H
(
HΦ + Ψ˙
)
− 1
3
4Φ
a2
− 2H˙Φ
+
2
3
4Ψ
a2
−HΦ˙ (3.6)
and
Φ¨ = Φ˙
[
−3 F˙
F
− 4H
]
− Ψ˙
[
F˙
F
+H
]
+ Φ
[
−3 F¨
F
− 2H˙
− 9H F˙
F
+
1
3
R− 4H2 − F
6F ′
]
+
1
3a2
(24Φ−4Ψ)
− Ψ
[
− F¨
F
− 3H F˙
F
+
1
3
R− F
6F ′
]
− 1
3F
κ2δε . (3.7)
Substituting these expressions for Φ¨ and Ψ¨ into Eq. (3.3),
after rather tedious but not complicated calculations we
get
6HF Φ˙ + Ψ˙
[
6F˙ + 6HF
]
+ Φ
[
18HF˙ − FR+ 18FH2
]
+ Ψ
[
−6HF˙ + FR− 6H2F
]
− 2 F
a2
(4Φ +4Ψ) + 2κ2δε = 0 . (3.8)
Eq. (3.2) can be written in the form
F Φ˙ = −F Ψ˙− Φ
[
2F˙ + FH
]
− Ψ
[
−F˙ + FH
]
− κ
2
a2
Ξ . (3.9)
After substituting this equation into (3.8) we obtain
6Ψ˙ = − 1
F˙
Φ
[
6HF˙ − FR+ 12FH2
]
− 1
F˙
Ψ
[
FR− 12H2F ]
+
2
F˙
F
a2
(4Φ +4Ψ)− 2
F˙
κ2δε+
6
F˙
H
κ2
a2
Ξ . (3.10)
In addition, we substitute (3.10) into (3.8) and after
some algebra obtain
6Φ˙ = −Φ
[
12
F˙
F
+
FR
F˙
− 12H
2F
F˙
]
+ Ψ
[
6
F˙
F
− 6H + FR
F˙
− 12H
2F
F˙
]
(3.11)
− 2
F˙
F
a2
(4Φ +4Ψ)−
[
6
F
+
6H
F˙
]
κ2
a2
Ξ +
2
F˙
κ2δε .
We have Eq. (3.1) which we have not used yet. Sub-
stituting Eqs. (3.10) and (3.11) into this equation, we
arrive, after rather tedious calculations, at a short and
simple equation:[
6FH2 + 3H˙F − 1
2
FR
]
(Φ−Ψ) = 0 , (3.12)
and this is an identity due to Eq. (2.7). This confirms the
consistency of our equations (3.10) and (3.11). Addition-
ally, Eqs. (3.6) and (3.7) are satisfied for Ψ˙ and Φ˙ given
5by (3.10) and (3.11). This can be proved after rather
long algebra with the help of Eq. (2.17) for δε, the con-
tinuity equations ρ˙ = −∇
(∑
p ρpvp
)
and ρ˙ = −∇ (ρv)
(for the discrete and continuous inhomogeneities, respec-
tively), the equation of motion Ξ˙ = −HΞ − ρΦ/a (for
both types of inhomogeneities), Eqs. (2.22) or (2.24)
and the background equations (2.6) (where P¯ = 0) and
(2.7). Therefore, Eqs. (3.10) and (3.11) are the only in-
dependent differential equations for the potentials Ψ and
Φ. These master equations can be rewritten in the final
form:
Ψ˙− 1
3
F
F˙a2
(4Φ +4Ψ) + Φ
[
H − FH˙
F˙
]
+ Ψ
[
FH˙
F˙
+
κ2ρ¯
F˙ a3
]
= −1
3
κ2δρ
F˙a3
+
H
F˙
κ2
a2
Ξ (3.13)
and
Φ˙ +
1
3
F
F˙a2
(4Φ +4Ψ)−Ψ
[
F˙
F
−H + FH˙
F˙
+
κ2ρ¯
F˙ a3
]
+ Φ
[
2
F˙
F
+
FH˙
F˙
]
=
1
3
κ2δρ
F˙a3
−
[
1
F
+
H
F˙
]
κ2
a2
Ξ . (3.14)
IV. CONCLUSION
In this paper, we have considered the theory of scalar
perturbations for nonlinear f(R) models. The initial
rather complicated system of six equations (2.11)–(2.16)
obtained previously in a number of papers (see, e.g., [4])
has been reduced to two independent differential master
equations (3.13) and (3.14) for two scalar potentials Φ
and Ψ. It can be easily verified that in the linear model
case f(R) = R, where Φ = Ψ, both of these equations
are reduced to the following one:
4Φ− 3κ
2ρ¯
2a
Φ =
κ2
2a
δρ− 3κ
2
2
HΞ , (4.1)
where the time derivative disappears. This equation ex-
actly coincides with the one in papers [20–22]. It is the
Helmholtz equation (not the Poisson equation), resulting
in the Yukawa-type screening of the gravitational poten-
tial produced by matter inhomogeneities [20–23]. This
effect is called cosmic screening. The nonzero cosmo-
logical background (i.e., ρ¯ 6= 0) is responsible for this
effect. In the present paper we have applied the similar
approach. Unfortunately, in the case of nonlinear f(R)
models we cannot exclude the time derivatives from Eqs.
(3.13) and (3.14) to get the pure Helmholtz-type equa-
tions. However, we have performed the full relativistic
analysis of the first-order theory of scalar perturbations
for arbitrary nonlinear f(R) models. In the literature,
among such models, special attention is drawn to the
models that pass to the ΛCDM model. This can occur
both at the early and late stages of the Universe evolu-
tion. In the early Universe such transition is necessary
to reproduce the conventional matter era [12, 34]. On
the other hand, in the late Universe the transition to the
de Sitter stage takes place in a number of viable models
which possess the stable de Sitter points [4, 11, 30, 35–
39]. Recently, the stable and unstable de Sitter stages for
general f(R) models were derived in [40]. It is worth not-
ing that nonlinear gravitational models which can unify
the early and late stages of acceleration through the stage
of dominance of matter were considered in [41, 42].
As we have already mentioned above (see the text af-
ter Eq. (2.16)), our equations are applicable for f(R)
models at all spatial scales as long as the approximation
δR/R¯ 1 works4. From this point of view, a particular
interest is taken in a subclass of f(R) models in which
this approximation still works at the stage of transition
from the f(R) model to the ΛCDM model. The theory
of scalar perturbations for the ΛCDM model within the
cosmic screening approach was investigated in detail in
our papers [20–22]. Therefore, for such a subclass of f(R)
models, solutions of the equations for the scalar perturba-
tions obtained in the present paper for the f(R) models
and in the papers [20–22] for the ΛCDM model can be
matched to each other in the stage of transition. Hence,
we can continuously describe the large scale structure
formation both on f(R) and ΛCDM stages.
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